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RIEMANN AND HIS SIGNIFICANCE FOR THE DE- 
VELOPMENT OF MODERN MATHEMATICS.* 


ADDRESS DELIVERED AT THE GENERAL SESSION OF THE VER- 
SAMMLUNG DEUTSCHER NATURFORSCHER UND AEKZTE, 
IN VIENNA, SEPTEMBER 21, 1894, 
BY PROFESSOR FELIX KLEIN. 


It is no doubt uncommonly difficult to entertain a large 
audience with the discussion of any mathematical question 
or even of the general tendencies in the development of 
mathematical science. This difficulty arises from the fact 
that the very ideas with which the mathematician works and 
whose multifarious connections and interrelations he investi- 
gates are the product of long-continued mental labor and 
are therefore far removed from the things of ordinary life. 

In spite of this I did not hesitate in accepting the honor 
conferred upon me by the Executive Committee of your As- 
sociation in requesting me to address you to-day. In doing 
this I was moved by the illustrious example of the great in- 
vestigator, so recently deceased, who had originally been ex- 
pected to speak here to you. It must always be regarded as 
« particular merit of Hermann von Helmholtz that, from the 
very beginning of his career, he took | pa to present in 
lectures intelligible to a wider circle of scientific men the 
problems and results of special work in all the manifold 
branches of science that engaged his attention. He thus suc- 
ceeded in being of assistance to each one of us in his own 
special field. 

While for pure mathematics it would, in the nature of the 
case, be impossible to do this completely, it is becoming more 
and more recognized that in the present state of mathemati- 
cal science it is eminently desirable to try, at least, to accom- 
plish as much as can be attained in this respect. In saying 
this I do not express an individual opinion; I speak in the 
name of all the members of that Mathematical Association 
which was formed some years ago in connection with the As- 
sociation of Naturalists and Physicians and is practically, if 
not formally, identical with your Section I. We cannot help 
feeling that in the rapid development of modern thought our 
science is in danger of becoming more and more isolated. 
The intimate mutual relation between mathematics and theo- 
retical natural science which, to the lasting benefit of both 
sides, existed ever since the rise of modern analysis, threatens 


* Translated, with the permission of the author, by ALEXANDER 
ZIWET. 
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to be disrupted. As members of the Mathematical Associa- 
tion we desire to counteract this serious, ever-growing danger 
with all our power; it is for this reason that we decided to 
meet with the general Association of Naturalists. Through 
personal intercourse with vou we wish to learn how scientific 
thought develops in your branches, and where accordingly 
an opportunity may arise for applying the work of the 
mathematician. On the other hand, we desire and hope to 
find in you a ready interest in and an intelligent appreciation 
of our aims and ideas. 

With these considerations in mind I shall now attempt to 
give you an idea of the life-work of BerNHARD RIEMANN, @ 
man who more than any other has exerted a determining in- 
flnence on the development of modern mathematics. I hope 
that my remarks may prove of some interest to those, at 
least, among you who are familiar with the general trend of 
ideas prevailing in mechanics and theoretical physics. But 
all of you, | trust, will feel that the ideas of which 1 shall 
have to speak form « connecting link between mathematics 
and natural science. 


The outward life of Riemann may perhaps appeal to your 
sympathy; but it was too uneventful to arouse particular in- 
terest. Riemann was one of those retiring men of learning 
who allow their profound thoughts to mature slowly in the 
seclusion of their study. 

He was twenty-five years of age when, in 1851, he took his 
doctor’s degree in Gottingen, presenting a dissertation which 
showed remarkable power. It took three more years before 
he became 2 docent at tle same university. At this time 
began the appearance in rapid succession of all those impor- 
tant researches of which I wish to speak. At the death of 
Dirichlet, in 1859, Riemann became his successor in the Uni- 
versity of Géttingen. But already in 1863 he contracted 
the fatal disease to which he succumbed in 1866, at the carly 
age of 40 years. 

His collected works, first published in 1876 by Heinrich 
Weber and Dedekind. and since issued in a second edition, 
wre neither numerous nor extensive. They fill an octavo 
volume of 550 pages, and only about half of the matter 
contained in this volume appeared during his lifetime. 
The remarkable influence exerted by Riemann’s work in the 
past and even to the present time is entirely due to the 
originality and, of course, to the penetrating power of his 
mathematical considerations. 

While the latter characteristic cannot be the object of my 
remarks to-day, I believe that you will understand the pecul- 
iar originality of Riemann’s mathematical work if I point out 
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to you right here the unifying fundamental idea to which as 
a common source all his developments can be traced. 

I must mention, first of all, that Riemann devoted much 
time and thought to physical considerations. Grown u 
under the great tradition which is represented by the combi- 
nation of the names of Gauss and Wilhelm Weber, influenced 
on the other hand by Herbart’s philosophy, he endeavored 
again and again to find a general mathematical formulation 
for the laws underlying all natural phenomena. These in- 
vestigations do not appear to have been carried by him to a 
satisfactory completion; they are preserved in his posthu- 
mous papers in a very fragmentary form. We find’ there 
several incomplete attempts at a solution, all of which have, 
however, in common the supposition which at the present 
day, under the influence of Maxwell’s electromagnetic theory 
of light, seems to be adopted by at least all younger physi- 
cists, viz., that space is filled with a continuous fluid which 
serves as the common medium for the propagation of optical, 
electrical, and gravitational phenomena. 

I shall not stop to explain the details, which at the present 
time could only have a historical interest. The point to 
which I wish to call your attention is that these physical 
views are the mainspring of Riemann’s purely mathematical 
investigalions. The same tendency which in physics discards 
the idea of action at a distance and explains all phenomena 
through the internal stresses of an all-pervading ether ap- 
pears-in mathematics as the attempt to understand functions 
from the way they behave in the infinitesimal, that is, from 
the differential equations satisfied by them. And just as in 
physics any particular phenomenon depends on the general 
arrangement of the conditions of the experiment, thus Rie- 
mann particularizes his functions by means of the special 
boundary conditions which they are required to satisfy. 
From this point of view the formula required for the numeri- 
cal calculation of the function appears as the final result, 
and not as the starting-point, of the investigation. 

If I may be allowed to push the analogy so far, I should 
say that the work of Riemann in mathematics offers a parallel 
to the work of Faraday in physics. While this comparison 
has reference in the first place to the qualitative content of 
the leading ideas due to the two men, I believe it to hold even 
quantitatively ; i.e., the results reached by Riemann are as 
important for mathematics as the results of Faraday’s work 
are for physical science. 

On the basis of this general conception let us now pass in 
review the various lines of Riemann’s mathematical researches. 
It will only be natural to begin with the theory of functions of 
complex variables, which is most intimately connected with his 
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name, although he himself may have regarded it merely as an 
application of tendencies having a much wider range. 

The fundamental idea of this theory is well known. To 
investigate the functions of a variable z we substitute for this 
variable a binomial quantity x + ty with which we operate so 
as to put always — 1 for i”. The result is that the properties 
of the ordinary functions of simple variables become intelli- 
gible toa much higher degree than would otherwise be the 
case. ‘I'o repeat the words used by Riemann himself in his 
dissertation (1851) in which he laid down the fundamental 
ideas of his peculiar method of treating this theory: The in- 
troduction of complex values of the variable brings out a cer- 
tain harmony and regularity which otherwise would remain 
hidden. 

The founder of this theory is the great French mathema- 
tician Cauchy;* but only later, in Germany, did this theory 
assume its modern aspect which has made it the central point 
of our present views of mathematics. This was the result of 
the simultaneous efforts of two mathematicians whom we shall 
have to name together repeatedly,—of Riemann and Weier- 
strass. 

While pointing to the same end, the particular methods of 
these two men are as different as possible; they appear almost 
to be opposed to each other, though, from a higher point of 
view, this only means that they are complementary. 

Weierstrass defines the functions of » complex variable 
analytically by means of a common formula, viz., by infinite 
power-series. In all his work he avoids as far as possible the 
assistance to be derived from the use of geometry; his special 
achievement lies in the systematic rigor of his demonstrations. 

Riemann, on the other hand, begins, in accordance with 
his general conception referred to above, with certain differ- 
ential equations satisfied by the functions of «+ iy. Thus 
the problem at once assumes a physical form. 

Let us put + = iv. Each of the two compo- 
nent parts of the function, « as well as v, then appears, owing 
to the differential equations, as a potential in the space of the 
two variables x and y; and Riemann’s method can be briefly 
characterized by saying that he applies to these parts u and v 
the principles of the theory of the potential. In other words, 
his starting point lies in the domain of mathematical physics. 


* In the text I refrained from mentioning Gauss, who, being in advance 
of his time in this as in other fields, anticipated many discoveries witb- 
out publishing what he had found. It is very remarkable that in the 
papers of Gauss we find occasional glimpses of methods in the theory 
of functions which are completely in line with the later methods of 
Riemann, as if unconsciously a transfer of leading ideas bad taken place 
from the older to the younger mathematician. 
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You will notice that even in mathematics free play is given 
to individuality of treatment. 

It should also be observed that the theory of the potential, 
which in our day, owing to its importance in the theory of 
electricity and in other branches of physics, is quite univer- 
sally known and used as an indispensable instrument of 
research, was at that time in its infancy. It is true that 
Green had written his fundamental memoir as early as in 
1828; but this paper remained for a long time almost unno- 
ticed. In 1839 fe followed with his researches. As far 
as Germany is concerned, it is mainly due to the lectures of 
Dirichlet that the theory was farther developed and became 
known more generally; and this is where Riemann finds his 
base of operations. 

Riemann’s specific achievement in this connection consists, 
of course, in the first place in the tendency to make the 
theory of the potential of fundamental importance for the 
whole of mathematics; and secondly, in a series of geometric 
constructions, or, as I should prefer to say, of geometric inven- 
tions, of which you must allow me to say a few words. 

As a first step Riemann considers the equation ~ + tv 
= f(z + iy) throughout as a representation (Abbildung) cf 
the zy-plane on the wv-plane. It appears that this represen- 
tation is conformal, i.e., that it preserves the magnitude of 
the angles; indeed, it is directly characterized by this prop- 
erty. We have thus a new means of defining the functions 
of z+ iy. Riemann develops in this way the elegant propo- 
sition that there always exists a function f that transforms 
any simply-connected region of the zy-plane into any given 
simply-connected region of the wv-plane; this function is 
fully determined, apart from three constants which remain 
arbitrary. 

Next he introduees as a fundamental idea the conception of 
what is now called a Riemann surface, i.e., a surface which 
overlies the plane several times, the different sheets hanging 
together at the so-called branch-points. This step in the 
development, while it must have been the most difficult to 
take, proved at the same time of the greatest consequence. 
Even at the present time we can daily notice how hard it is 
for the beginner to understand the essential idea of the Rie- 
mann surface and how he comes at once into the possession 
of the whole theory as soon as he has fully grasped this fun- 
damental mode of conceiving the function. The Riemann 
surface furnishes us a means of understanding many-valued 
functions of z + ty in the course of their variation. For on 
this surface there exist potentials just like those on the simple 
plane, and their le ws can be investigated by the same methods; 
moreover, the representation (Abbildung) is again conformal. 
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As the primary principle of classification appears here the 
order of connectivity of these surfaces, i.e., the number of the 
cross-sections or cuts that can be made without resolving the 
surface into separate portions. ‘This is again an entirely new 
geometrical] method of attack, which in spite of its elementary 
character had never been touched upon by anybody before 
Riemann. 

Perhaps I have gone too far into the details with what I 
have said. I wish only to add that all these new tools and 
methods, created by Riemann for the purposes of pure mathe- 
matics out of the physical intuition, have again proved of the 
greatest value for mathematical physics. ‘Thus, for instance, 
we now always make use of Riemann’s methods in treating 
the stutionary flow of a fluid within a two-dimensional region. 
A whole series of most interesting problems, formerly regarded 
as insolvable, has thus been solved completely. One of the 
best known problems of this kind is Helmholtz’s determina- 
tion of the shape of a free liquid jet. 

Perhaps less attention has been paid to another physical 
application in which Riemann’s ways of looking at things are 
laid under contribution in a most attractive manner. I have 
in mind the theory of minimum surfaces. Riemann’s own 
investigations on this subject were not published till after his 
death, in 1867, almost simultaneously with the parallel inves- 
tigations of Weierstrass concerning the same question. Since 
that time the theory has been developed much farther by 
Schwarz and others. The problem is to determine the shape 
of the least surface that can be spread out in a rigid frame,— 
let us say, the form of equilibrium of a fluid lamina that fits 
in a given contour. It is noteworthy that, with the aid of 
Riemann’s methods, the known functions of analysis are just 
sufficient to dispose of the more simple cases. 

‘These applications to which I here call particular attention 
represent, of course, merely one side of the matter. There 
can be no doubt that the main value of these new methods in 
the theory of functions is to be found in their use in pure 
mathematics. 1 must try to show this more distinctly, in 
accordance with the importance of the subject, without pre- 
supposing much special knowledge. 


Let me begin with the very general question of the present 
state of progress in the domain of pure mathematics. To the 
layman the advance of mathematical science may perhaps ap- 
pear as something purely arbitrary-because the concentration 
on a definite given object is wanting. Still there exists a 
regulating influence, well recognized in other branches of 
science, though in a more limited degree; it is the historical 
continuity. Pure mathematics grows as old problems are 
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worked out by means of new methods. In proportion as a bet- 
ter understanding is thus gained for the older questions, new 
problems must naturally arise. 

Guided by this principle we must now briefly pass in re- 
view the working material that Riemann found ready for use 
in the theory of functions when he entered upon his scientific 
career. It had then been recognized that particular impor- 
tance attaches to three classes among the various kinds of 
analytic functions (i.¢., functions of z+ iy). The first class 
comprises the alyebraic functions which are defined by a 
finite number of elementary operations (addition, multiplica- 
tion, and division); in contradistinction to these we have the 
transcendental functions whose definition requires an infinite 
series of such operations. Among these transcendental 
functions the simplest are, on the one hand, the logarithms, 
on the other the trigonometric functions, such as the sine, 
cosine, etc. 

But in Riemann’s time mathematical science had already 
advanced beyond these elementary functions, first, to the 
elliptic functions derived from the inversion of the elliptic 
integrals, and, second, to the functions connected with Gauss’s 
hypergeometric series, viz., spherical harmonics, Bessel func- 
tions, gamma-functions, etc. 

Now what Riemann accomplished may be stated briefly by 
saying that for each of these three classes of functions he 
found not only new results, but entirely new points of view 
which have formed a continual source of inspiration up to 
the present time. A few additional remarks may serve to ex- 
plain this more in detail. 

The study of algebraic functions practically coincides with 
the study of algebraic curves whose properties are investigated 
by the geometer, whether he calls himself an “analyst,” re- 
garding the analytical formula as of primary importance, or a 
** synthetic geometer,” as the term was understood by Steiner 
and von Staudt, who operates with the row of points aud the 
pencil of rays. The essentially new point of view, here intro- 
duced by Riemann, is that of the general single-valued trans- 
formation (or one-to-one correspondence). This point of 
view allows to group the innumerable variety of algebraic 
curves into large classes; and by making abstraction of the 
peculiarities of shape of the individual curves, those general 
properties can be studied that belong in common to all the 
curves of the same class. The gecmeters have not been slow 
to derive the results so obtained from their point of view and 
to develop them still farther; Clebsch, in particular, worked in 
this direction, and he even began to attack the corresponding 
problems for algebraic configurations of more dimensions. 
But it must be insisted upon that the theory of curves should 
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try to assimilate the methods of Riemann in their true essential 
character. A first step will consist in constructing on the 
curve itself the analogue of the two-dimensional Riemann 
surface; and this can be done in various ways. A further 
step would have to show us how to operate with the methods 
of the theory of functions in the configuration thus defined. 

The theory of elliptic integrals finds its further development 
in the consideration of the general integrals of algebraic func- 
tions, a subject on which the Norwegian mathematician Abel 
published the first fondamental investigations in the twenties 
of the present century. It must always be regarded as one of 
the greatest achievements of Jacobi that, by a sort of inspira- 
tion, he established for these integrals a problem of inversion 
which furnishes single-valued functions just as the simple in- 
version does in the case of the elliptic integrals. The actual 
solution of this problem of inverston is the central task per- 
formed at the same time, but by different methods, by Weier- 
strass and Riemann. The great memoir on the Abelian 
functions in which Riemann published his theory in 1857 has 
always been recognized as the most brilliant of all the achieve- 
ments of his genius. Indeed, the result is here reached, not 
by laborious calculations, but in the most direct way, by a 
proper combination of the geometrical considerations Just re- 
ferred to. I have shown in another place that his results 
concerning the integrals, as well as the conclusions that follow 
for the algebraic functions, can be obtained in a very graphic 
manner by considering the stationary flow of a fluid, say of 
electricity, on closed surfaces situated in any way in space. 
This, however, has reference only to one half of Riemann’s 
memoir. The second half, which is concerned with the theta- 
series, is perhaps still more remarkable. The important result 
is here deduced that the theta-series required for the solution 
of Jacobi’s problem of inversion are not the general theta- 
series; and this leads to the new problem of determining the 
position of the general theta-series in our theory. According 
to an observation made by Hermite, Riemann must have 
known the proposition published at a later time by Weier- 
strass and recently discussed by Picard and Poincaré, that the 
theta-series are sufficient for defining the most general peri- 
odic functions of several variables. 

But I must not enter into these details. It is difficult to 
give a connected account of the further development of Rie- 
mann’s theory of Abelian functions because the far-reaching 
investigations of Weierstrass on the same subject are as yet 
kaown only from written lectures of his students. I will 
therefore only mention that the important treatise published 
by Clebsch and Gordan in 1866 had in the main the object 
of deriving Riemann’s results on the algebraic curve by means 
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of analytic geometry. At that time Riemann’s methods were 
still a sort of secret science confined to his immediate pupils 
and were regarded almost with distrust by other mathemati- 
cians. I can in this respect only repeat what I just remarked 
in speaking of the theory of curves, viz., that the growing de- 
velopment of mathematics leads with necessity to the incor- 
poration of Riemann’s methods into the general body of 
mathematical science. It is interesting to compare in this re- 
spect the latest French text-books.* 

The third class of functions referred to above comprises 
those laws of dependence that are connected with Gauss’s 
hypergeometric series. In a wider sense, we have here the 
functions defined by linear differential equations with alge- 
braic coefficients. Riemann published on this subject during 
his lifetime only a preliminary study (in 1856) which is de- 
voted entirely to the hypergeometric case and shows in a sur- 
prising way how all the remarkable properties of the hyper- 
geometric function, that had been known before, can be de- 
rived without calculation from the behavior of this function 
when the variable passes around the singular points. We 
now know from his posthumous papers in what form he had 
intended to carry out the corresponding general theory of the 
linear differential equations of the nth order. Here, also, he 
wanted to take as a starting point and primary characteristic 
for the classification the group of those linear substitutions 
which the integrals undergo when the variable passes around 
the singular points. 

This idea, which in a certain sense corresponds to Riemann’s 
treatment of the Abelian integrals, has not yet been carried 
out according to Riemann’s extensive plan. The numerous 
investigations on linear differential equations published dur- 
ing the last decades have really disposed only of certain parts 
of the theory. In this respect the researches of Fuchs de- 
serve special mention. 

As regards the differential equations of the second order, 
they are capable of a simple geometrical illustration. It is 
only necessary to consider the conformal representation which 
the quotient of two particular integrals of the differential 
equation furnishes for the region of the independent variable. 
In the simplest case, i.e. that of the hypergeometric function, 
we obtain the representation of the half-plane on a triangle 
formed by circular ares; and this establishes a noteworthy con- 
nection with spherical trigonometry. In the general theory 
there are cases which admit of one-valued (vindeutig) inver- 
sion and thus produce those remarkable functions of a single 


* See, for instance, Picarp, Traité d’analyse, and APPELL et Gour- 
saT, Théorie des fonctions algébriques et de leurs intégrales. 
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variable which, like the periodic functions, are transformed 
into themselves by an infinite number of linear transforma- 
tions and which I have therefore called automorphic func- 
tions. 

All these developments which occupy the mathematicians 
of our time appear more or less explicitly in Riemann’s post- 
humous papers, particularly in the memoir on minimum sur- 
faces referred to above. For further details I must refer you 
to Schwarz’s memoir on the hypergeometric series and to the 
epoch-making researches of Poincaré in the theory of auto- 
morphic functions. With this group of investigations must 
also be classed those on the elliptic modular functions and 
the functions of the regular bodies. 


I cannot leave the discussion of Riemann’s work in the 
theory of functions without mentioning an isolated paper in 
which the author makes interesting contributions to the 
theory of definite integrals. This paper has become celebrated 
mainly owing to the application which the author makes of 
his results to a problem in the theory of numbers, viz., the law 
of distribution of the prime numbers in the natural series of 
numbers. Riemann arrives at an approximate expression for 
this law which agrees more closely with the results obtained by 
actual enumerations than the empirical rules that had been 
deduced up to thaf time from such enumerations. 

Two remarks naturally present themselves in this connee- 
tion. First, I should like to call your attention to the curi- 
ous way in which the various branches of higher mathematics 
are interwoven: a problem apparently belonging to the elements 
of the theory of numbers is here in a most unexpected manner 
brought nearer to its solution by means of considerations de- 
rived from the most intricate questions in the theory of func- 
tions. Second, I must observe that the proofs in Riemann’s 
paper, as he notices himself, are not quite complete; in spite 
of numerous attempts in recent times, it has not yet been 
possible to make all these proofs perfectly satisfactory. It 
appears that Riemann must have worked very largely by in- 
tuition. 

This, by the way, is also true of his manner of establishing 
the foundations of the theory of functions. Riemann here 
makes use of a mode of reasoning often employed in mathe- 
matical physics; he designated this method as Jirichlet’s 
principle, in honor of his teacher Lejeune Dirichlet. When 
it is required to determine a continuous function that makes 
a certain double integral a minimum, this principle asserts 
that the ezistence of such a function is evident from the ex- 
istence of the problem itsclf.* Weierstrass has shown that 


*It appears from the context that, contrary to a common way of 
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this inference is faulty: it may happen that the required 
minimum represents a limit which cannot be reached within 
the region of the continuous functions. This consideration 
affects the validity of a large portion of Riemann’s develop- 
ments. 

Nevertheless the far-reaching results based by Riemann on 
this principle are all correct, as has been shown later by Carl 
Neumann and Schwarz with the aid of rigorous methods. 
It must be supposed that Riemann plies took his theo- 
rems from the physical intuition which here again proved to 
be of the greatest value as a guide to discovery, and that he 
connected them afterwards with the method of inference 
mentioned above, in order to obtain a connected chain of 
mathematical reasoning. It appears from the long develop- 
ments of his dissertation that in doing this he became con- 
scious of certain difficulties; but seeing that this mode of rea- 
soning was used without hesitation in analogous cases by 
those around him, even by Gauss, he does. not seem to have 
pursued these difficulties as far as might have been desired. 


So much about the functions of complex variables. They 
form the only branch of mathematics that Riemann has 
treated as « connected whole; all his other works are separate 
investigations of particular questions. Still we should obtain 
a very inadequate picture of the mathematician Riemann if 
we were to disregard these latter researches. For, apart from 
the notable results reached by him, the consideration of these 
researches will place in better perspective the general con- 
ception that ruled his thoughts and the programme of work 
that he had laid out for himself. Besides, every one of these 
investigations has exerted a highly stimulating and determin- 
ing influence on the further development of mathematical 
science. 

To begin with, let me state more fully what I indicated 
above, viz., that Riemann’s treatment of the theory of func- 
tions of complex variables, founded on the partial differential 
equation of the potential, was intended by him to serve 
merely as an ezample of the analogous treatment of all other 
physical problems that lead to partial differential equations, 
or to differential equations in general. In every such case it 
should be inquired what discontinuities are compatible with 
the differential equations, and how far the solutions may be 


speaking, I mean by the ‘‘ principle” the mode of reasoning, and not 
the results deduced thereby. 

I wish to use this opportunity to call attention to an article by Sir 
Wm. Thomson, published in Liouville’s Journal, vol. 12 (1847), which 
does not seem to have been sufliciently noticed by German mathemati- 
cians. In this article the principle is expressed in a very general form. 
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determined by the discontinuities and accessory conditions 
occurring inthe problem. The execution of this programme 
which has since been considerably advanced in various direc- 
tions, and which has in recent years been taken up with 
particular success by French geometers, amounts to nothing 
short of a systematic reconstruction of the methods of integra- 
tion required in mechanics and mathematical physics. 

Riemann himself has treated on this basis only a single 
problem in greater detail, viz., the propagation of plane waves 
of air of finite amplitude (1860). 

Two main types must be distinguished among the linear 
partial differential equations of mathematical physics: the 
elliptic and the hvperbolic type, the simplest examples being 
the differential equation of the potential and that of the 
vibrating string, respectively. As an intermediate limiting 
case we may distinguish the parabolic type to which belongs 
the differential equation of the flow of heat. ‘The recent 
investigations of Picard have shown that the methods of in- 
tegration used in the theory of the potential can be extended 
with slight modifications to the elliptic differential equations 
generally. How about the other types? Riemann makes in 
his paper an important contribution to the solution of this 
question. He shows what modifications must be made in the 
well-known “boundary problem ” of the theory of the poten- 
tial and in its solution by means of Green’s function in order 
to make this method applicable to the hyperbolic differential 
equations. 

This paper of Riemann’s is noteworthy for various other 
reasons. ‘Thus, the reduction of the problem named in the 
title to a linear differential equation is in itself no mean 
achievement. Another point to which I desire to call your 
particular attention is the graphical treatment of the problem 
which evidently underlies the whole memoir. While this 
mode of treatment will have nothing surprising to the physi- 
cist, its value is in our day uot infrequently underrated b 
the mathematician accustomed to more abstract methods. 
take, therefore, particular pleasure in pointing to the fact 
that an authority like Riemann makes use of this mode of 
treatment and derives by its means most interesting results. 


It remains to discuss the two great memoirs presented by 
Riemann, at the age of 28 years, when he became a docent 
at Gottingen, in 1554, viz., the essay On the hypotheses that 
lie at the foundation of geomelry, and the memoir On the pos- 
sibilily of representing « function by means of a trigonometric 
series. It is remarkable how differently these two papers 
have been treated by the wider scientific public. The impor- 
tance of the disquisition on the hypotheses of geometry has 
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long since been adequately recognized, no doubt mainly 
owing to the part that Helmholtz took in the discussion of 
the problem, as is probably known to most of you. The in- 
vestigation of trigonometric series, on the other hand, has so 
far not become known outside the circle of mathematical 
readers. Nevertheless the results contained in this latter 
paper, or rather the considerations to which it has given rise 
and with which its subject is intimately connected, must be 
regarded as of the highest interest from the point of view of 
the theory of knowledge. 

As regards the hypotheses of geometry, I shall not enter 
here upon the discussion of the philosophical significance of 
the subject, as I should not have anything new toadd. For 
the mathematician the interest of the discussion centres not 
so much in the origin of the geometrical axioms as in their 
mutual logical interdependence. The most celebrated ques- 
tion is that as to the nature of the axiom of parallels. It is 
well known that the investigations of Gauss, Lobachevsky, 
and ag om (to mention only the most prominent names) have 
shown that the axiom of parallels is certainly not a conse- 
quence of the other axioms, and that by disregarding the 
axiom of parallels a more general, perfectly consistent geom- 
etry can be constructed which contains the ordinary geom- 
etry as a particular case. Riemann gave to these important 
considerations a new turn by introducing and applying the 
mode of treatment of analytic geometry. He wh ye space 
as a particular case of a triply-extended numerical manifold- 
ness in which the square of the element of arc is expressed 
as a quadratic form of the differentials of the co-ordinates. 
Without discussing the special geometrical results thus ob- 
tained and the subsequent development of this theory, I only 
wish to point out that here again Riemann remains faithful 
to his fundamental idea: ¢o interpret the properties of things 
from their behavior in the infinitesimal. He has thereby 
laid the foundation for a new chapter of the differential cal- 
culus, viz., the theory of the quadratic differential expressions 
of any number of varvables, and in particular of the invari- 
ants of such expressions under any transformations of the 
variables. I must here depart from the prevailing character 
of my remarks and call special attention to the abstract side 
of the matter. There can be no doubt that in trying to dis- 
cover mathematical relations it is by no means indifferent 
whether we endow the symbols with which we operate with 
a definite meaning or not; for it is just through these con- 
crete representations that we form those associations of ideas 
which lead us onward. ‘The best proof of this will be found 
in almost everything that I have said to-day as to the inti- 
mate relation of Riemann’s mathematics to mathematical 
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physics. But the final result of the mathematical investiga- 
tion is quite independent of these considerations and rises 
above these special auxiliary methods; it represents a general 
logical framework whose content is indifferent and can be 
selected in various ways according to the nature of the case. 
Considered from this point of view it will no longer appear 
surprising that at a later period (1861), in the prize essay 
presented to the Paris Academy. Riemann made an applica- 
tion of his investigation of differential expressions to the 
problem of the flow of heat, i.e., to a subject which surely has 
nothing to do with the hypotheses of geometry. In a similar 
way these researches of Riemann are connected with the 
recent investigations concerning the equivalence and classifi- 
cation of the general problems of mechanics. For it is pos- 
sible. according to Lagrange and Jacobi, to represent the 
differential equations of mechanics in such a way as to make 
them depend on a single quadratic form of the differentials 
of the co-ordinates. 


I now pass to the consideration of the memoir On the trig- 
onometric series, which I have intentionally left to the last, 
because it brings into prominence a final essential character- 
istic of Riemann’s conception. In all the preceding remarks 
it has been possible for me to «ppeal to the current ideas of 
physics, or at least of geometry. But Riemann’s penetrating 
mind was not satisfied with making use of the geometrical 
and physical intuition; he went so far as to investigate this 
intuition critically, and to inquire into the necessity of the 
mathematical relations flowing from it. The question at 
issue is nothing less than the fundamental principles of the 
infinitesimal calculus. In his other works Riemann _ has 
nowhere expressed any definite opinions concerning these 
questions. It is different in the paper on trigonometric 
series. Unfortunately he considers only detached problems, 
viz., the questions whether a function can be discontinuous 
at every point, and whether in the ease of functions of such 
a general nature it is still possible to speak of integration. 
But these problems he treats in so convincing a manner that 
the investigations of others on the foundations of analysis 
have received from him a most powerful impulse. 

Tradition has it that in later years Riemann pointed out to 
his students the fact which must be regarded as the most 
remarkable result of the modern critical spirit: the existence 
of functions which are not differentiable at any point. A 
more detailed study of such “nonsensical ” functions (as they 
used to be called formerly) has, however. been made only by 
Weierstrass, who has probably contributed most to give its 
present rigorous form to the theory of the real functions of 
real variables, as this whole field is now usually designated. 
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As I understand Riemann’s developments on trigonometric 
series, he would, as far as the foundation is concerned, agree 
with the presentation given by Weierstrass, which discards all 
space-intuition and operates exclusively with arithmetical 
definitions. But I could never believe that Riemann should 
have considered this space-intuition (as is now occasionally 
done by extreme representatives of the modern school) as 
something antagonistic to mathematics, which must neces- 
sarily involve faulty reasoning. I must insist on the position 
that « compromise is possible in this difficulty. 

We touch here upon a question which I am inclined to 
consider as of decisive importance for the further develop- 
ment of mathematical science in our time. Our students are 
at present introduced at the very beginning to all those in- 
tricate relations whose possibility has been discovered by 
modern analysis. This is no doubt very desirable; but it 
carries with it the dangerous consequence that our young 
mathematicians frequently hesitate to formulate any general 
propositions, that they are lacking in that freshness of thought 
without which no success is possible in science as well as else- 
where. 

On the other hand, the majority of those engaged in 
applied science believe that they may entirely leave aside 
these difficult investigations. Thus they detach themselves 
from rigorous science and develop for their private use a 
special kind of mathematics which grows up like « wild sprig 
from the root of the grafted tree. We must try with all our 
might to overcome this dangerous split between pure and 
«pplied mathematics. I may therefore be allowed to formu- 
late my personal position concerning this matter in the fol- 
lowing two propositions: 

First, I believe that those- defects of space-intuition by 
reason of which it is objected to by mathematicians are 
merely temporary, and that this intuition can be so trained 
that with its aid the abstract developmenis of the analysts 
can be understood, at least in their general tendency. 

Second, Iam of the opinion that, with this more highly- 
developed intuition, the applications of mathematics to the 
phenomena of the outside world will, on the whole, remain 
unchanged, provided we agree to regard them throughout as 
a sort of interpolation which represents things with an ap- 
proximation, limited, to be sure, but still sufficient for all 
practical purposes. 

With these remarks I will close my address, which I hope 
has not taxed your indulgence unduly. You may have no- 
ticed that even in mathematics there is no standstill, that 
the same activity prevails there as in the natural sciences. 
And this, too, is a general law: that while many workers con- 
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tribute to the development of science, the really new impulses 
can be traced back to but a small number of eminent men. 
But the work of these men is by no means confined to the 
short spun of their life; their influence continues to grow in 
proportion as their ideas become better understood in the 
course of time. ‘This is certainly the case with Riemann. 
For this reason you must consider my remarks not as the de- 
scription of a past epoch, whose memory we cherish with a 
feeling of veneration, but as the picture of live issues which 
are still at work in the mathematics of our time. 


THE MULTIPLICATION OF SEMI-CONVERGENT 
SERIES. 


BY PROFESSOR FLORIAN CAJORI. 


In Math. Annalen, vol. 21, pp. 327-378, A. Pringsheim de- 
veloped sufficient conditions for the convergence of the product 
of two semi-convergent series, formed by Cauchy’s multipli- 
cation rule, when one of the series becomes absolutely conver- 
gent, if its terms are associated into groups with a finite 
number of terms in each group. The necessary and sufficient 
conditions for convergence were obtained by A. Voss (Math. 
Annalen, vol. 24, pp. 42-47) in case that there are two terms 
in each group, and by the writer (Am. Jour. Math., vol. 15, 
pp. 339-343) in case that there are p terms in each group, p 

eing some finite integer. In this paper it is proposed to 
deduce the necessary and sufficient conditions in the more 
general case when the number of terms in the various groups 
is not necessarily the same. 


Let U, = Se, and V, = >, be two semi-convergent series, 


and let the first become absolutely convergent when its terms 
are associated into groups with some finite number of terms 
in each group. Let 7, represent the number of terms in the 
(x + 1)th group, and let g, represent the (z+ 1)th group 
embracing 7, terms. Let, moreover, az, represent the first 
term in the group g,, where = Oand 2, =7r,+7r,+17,+ 
t+ %,-1, then 


I. = (ap, + + Grae t--- + On, and U,= 29m 


Since, by a theorem of Mertens, the product of an abso- 
lutely convergent series and a semi-convergent series, formed 


— 
= 


1895] MULTIPLICATION OF SEMI-CONVERGENT SERIES. 181 


by Cauchy’s multiplication rule, is absolutely convergent, it 
follows that 


If the product = (a,b, + 4,5,) of 3a, and 30, 


is convergent, then, by a theorem of Abel, it converges to UV. 
Hence it follows that the necessary and sufficient condition 
for the convergence of this product is that 


Taking x = R,, + ¢, where m is some integer less than n 
and where ¢ may have any value 0, 1, 2,..., (7m — 1), we get 


+90.) — +++ = 


+ t+ Gp, 44-1} 
$B, 
+ Gout --- + 9z,-2}+- 
Get Gout 1} 
+... 
+ bp 41-1193} 
+ bp see +a,,-1}. 
We proceed to show that all the terms on the right, involv- 


ing g’s, approach the limit zero as m increases indefinitely. 
Notice that tie line in which any group g, occurs for the first 
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time is the one involving bz,,-x,:141, provided that we agree 
to take b, whenever F,, — R, + ¢-+ 1 gives a negative num- 
ber. Observe, moreover, that the line in which g, occurs for 
the last time is the line involving 6,_,, and that g, occurs once 
in all the intervening lines. This enables us to express all 
the terms in (II) which contain g’s, as follows (letting m = 2s 
or 2s + 1): 


+9,{5,} = £. 


Since = g. is absolutely convergent and 3b, is convergent, 


we can choose a positive finite quantity 8 and an infinitesimal 
€,, approaching the limit zero as s increases indefinitely, so 
that 


+ Bi Goss} +] 


As s increases indefinitely, the right member of this ine- 
quality approaches the limit zero. ence E approaches zero, 
and the condition that (I) be satisfied, for n = £,, + ¢, is that 
the sum of the terms in (II) which do not involve g should ap- 
proach the limit zero as 7 increases indefinitely. Neglecting, 
as we may, a finite number of terms, this condition can be ex- 
pressed thus: 


Lim * 


2 (Diem + + ap,-1} +... 
+ bp +++ p,1})=0. (IIT) 


In using this formula we must observe that, if a groupcontains 
only two terms, so that R,; — R,_, = r;_, = 2, then, for the par- 
ticular value or values of i which give 7;_, = 2, the outermost 
parenthesis in (III) represents only one term, bg, x,42+2%r,-1 
If, for some particular value or values of i, r;_, = 1, then, for 
those values of 7, the parenthesis does not represent anything 
whatever. As ?¢ may have any value 0, 1, 2,..., (7, — 1), we 
see that #,, + ¢ represents any value of n, and (III) embodies 
T, equations which together constitute the necessary and suffi- 
cient conditions for the existence of (1) and, therefore, for the 


convergence of the product of the two given series Sa, and 3b, 
e 


— 
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As the numerical value of r,, may vary for every new value of 
m, the number of conditions is indicated by the highest value 
taken by 7,,, as # increases indefinitely. 

Another set of necessary and sufficient conditions can be 
deduced from conditions (III), viz. : 


Cauchy's multiplication rule is applicable to Sa, and 


if ONE of the conditions (III) is satisfied and the nth term of 
the product-series always approaches zero. 

We first prove that, if the (2 + 1)th term in the product- 
series approaches the limit zero, as 1 increases indefinitely, and 
if the ¢th condition is satisfied, then the (¢ + 1)th condition 
is satisfied. We have 


i=m 
Lim | = + Dp, 12421 + +... 


i=m z=R,,+t 
+ 2 GP - 2 
z=0 
m 


Lim ‘5 
= 2 (rm + + Ap,-1} 


+ +... +tp,-1}). 


Remembering that = ‘9g, is absolutely convergent, it will be seen 


that the first member of the equation approaches the limit 
zero as m increases indefinitely ; hence the second member 
approaches the limit zero. Consequently, if the ¢th condition 
is satisfied, then the (¢-+ 1)th is. If the (¢ + 1)th is satisfied 
and the next following term in the product-series approaches 
the limit zero, then the (¢ + 2)th is satisfied, and so on. 

If all groups g, contain the same number p of terms, then 
we may write #,, = pm and R;= pi. If we take m — i = 17’ 
and substitute, we obtain the conditions (II) given in the lm. 
Jour. of Math., vol. 15, p. 341. 

By repeating the reasoning given on p. 342 of the article 
just referred to, we may derive from the necessary and suffi- 
cient conditions (III) of the present article the sufficient con- 
ditions developed by A. Pringsheim (Math. Annalen, vol. 21, 
p- 334), only now we are no longer restricted by the assump- 
tion that the number of terms shall be the same in all the 
groups. 


CoLoraDOo CoLLEGE, SPRINGS. 


= 


GERGONNE’S PILE PROBLEM. 


GERGONNE’S PILE PROBLEM. 
BY MR. LEONARD E. DICKSON. 


In Ball’s Mathematical Recreations, pp. 101-6, is described 
the familiar three-pile trick with twenty-seven cards, men- 
tioned by Bachet; also Gergonne’s generalization for a pack 
of m™ cards. Suppose the pack is Fealt into m piles of m™~* 
cards each, and after the first deal the pile indicated as con- 
taining the selected card is taken up ath; after the second 
deal is taken up dth, and so on; finally, after the mth deal is 
taken up kth. Then the card selected will be the nth from 
the top where, 


ifmiseven, n= 
ifmisodd, = 
If in the latter case we put the pile indicated always in the 


m-+1 
and 


or the card will appear in the middle of 


middle of the pack, thena=6=>...=j=k= 


2 > 
the pack. 

Dr. C. T. Hudson * has discussed the general problem: To 
deal a pack of ab cards into a piles of 6 cards each and so 
stack the piles after each deal that after the nth deal an 
selected card may be rth in the whole pack. Let the 
selected be the sth card from the bottom of the pile con- 
taining it after the first deal. Let p,,p,,...p, be the places 
the pile of the selected card is to hold after the first, second, 
-.. mth stacking of the piles. :After the first stacking the 
number of the selected card, counting from the bottom of the 
pack, will be the b(p, — 1) +s; after the second, 0( p, — 1) 


4 — .tter the nth, 


where m,, m,,...Mp,-, are integers =a — 1, including 0. 
Since m, + am, +...+ a"~*m,_, lies between 0 and a*~* — 1, 


the selected card’s place r lies between 


* Educational Times Reprints, 1868, vol. 9, pp. 89-81. 


184 [April, 


1895] GERGONNE’S PILE PROBLEM. 185 


and 


Pp, +ap,+...+a""p, lies between 5 < 


and + since b> 1, between 


+2 and Thus p,, 7,5 
..-p, are the successive remainders on dividing any integer 
between these limits n times by a. 

a+1 _ ab+1 
2 and r= 

we find that a*-'> 6, which is the condition giving the least 
value of » such that the selected card shall be brought to the 
middle of the pack in » deals, the pile containing it being 
placed in the middle of the pack after each deal. This con- 
dition was given by Dr. Hudson in the form a*-' + 2 > 4, the 
inaccuracy of which is more clearly shown by the following 
theorems, derived last October while unaware of Hudson’s 
and Gergonne’s results. 

Theorem I. For a pack of P™ cards, m operations (of deal- 
ing into P piles of P™~' cards each and placing the pile con- 
taining the selected card into the middle of the pack) are 
necessary and sufficient to shuffle the bottom card of a pile 
into the middle of the pack. 

Let J(z/y) denote x/y when it is an integer, but the integer 


If we make p, =p, =...=p,= 


just greater than when it isa fraction. Write = 


After one deal our card is the bottom or first card in its pile, 
beneath which p piles of P™~' cards are then placed. Hence 
after the first operation the number of our card in the pack 


is (p.P™-*+1). After the second deal its number in its pile 
-1 
is = (p. P™*+41). Then p piles of 


cards each are placed beneath this pile. Hence after the 
second operation the number of our card in the pack is 
(p.P™'+ p. P™*+1). After the third operation it is 
(p.P™!+ p.P™*+p.P™*+ 1); after the mth it is 
p= —1 


+1= = as ") or that of the middle card in the pack. 
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Theorem IT. For «a pack of P(?’™ * + 2) cards, m + 1 oper- 
ations are necessary and sufficient to shuffle the bottom card 
of one of the P piles into the middle of the pack. 

After the first deal it is the first card in its pile; after 


m—1 9 
the second, its number in its pile is (een at) 


(p. P™-*41); after the third, 1? 

=(p. P™*+p. P™-*+1); after the mth, (p. 

+p.P™34+...+p.P+ p+1); after the (m+ 1)st deal 


p»-! | 
+p. P™3+...+p+2)= )+2= 
or it is the middle card in its pile. 

The number of operations necessary to shuffle the card 
selected into the middle of the pack is evidently greatest 
when this card is the bottom [or top] card in its pile. 
Further, this number will increase (not continuously, how- 
ever), if the number of cards in each pile be increased, the 
number of piles being constant. Hence from Theorems I 
and II it follows: For a pack of n cards, m being an odd 
multiple of the odd number ? such that P™-!<n=P™,m 
operations are sufficient (and, for the extreme cases, neces- 
sary) to shuffle a card chosen arbitrarily into the middle of 
the pack. 

If in the condition a*"'=6 we'make = a™-', we get m as 
the least value of x; if we make 6 = a™-!+ 2, we get m-—-1 
as its least value. But from Dr. Hudson’s condition m would 
4 the least value of » in the latter case, contrary to Theorem 


Tae University or Cuicaco, January 28, 1895. 


(Pe'+2)+1 


A CARD CATALOGUE OF MATHEMATICAL 
LITERATURE. 


Répertoire bibliographique des sciences mathématiques. Pre- 
miére série: fiches 14100. Paris, Gauthier-Villars, 1894. Price 2 
francs. 

AT an international meeting held in Paris in 1889, under 
the auspices of the French Mathematical Society, it was re- 
solved to prepare a complete bibliography of the literature of 
mathematics for the period 1800-1889 and of the history of 
mathematics since 1600, An international committee was 


— 


1895] A MATHEMATICAL CARD CATALOGUE. 187 


charged with the execution of this plan, and also with the 
subsequent preparation of supplementary bibliographies to be 
issned every ten years. M. H. Poincaré was elected president 
of this Commission permanente; its secretary is at present M. 
C.-A. Laisant. 

As it had been decided to arrange this bibliography by 
subjects, a detailed classification of mathematics was adopted 
at this meeting and published with the proceedings in 1889. 
A revised and enlarged edition of this classification was pub- 
lished by the Committee in 1893 (Index du répertoire biblio- 
graphique des sciences mathématiques, Paris, Gauthier- Villars, 
1893, 8vo, xiv and 80 pp.). In October, 1894, the Committee 
sent out a few additions and modifications, together with a 
preliminary list (comprising nearly 200 numbers) of the 
abbreviations to be used for designating the various periodical 
publications containing mathematical papers. 

We have now before us the first instalment of the biblio- 
graphy prepared by the Committee. It consists of a set of 100 
cards, 14 x 8 cm., or about 54 X 34 in., each of which con- 
tains on an average 9 or 10 titles. At the head of every card 
we find the symbol that indicates the subject-matter to which 
all the articles entered on this card belong according to the 
adopted classification. Thus, one of the cards bears the head- 
ing |D 6 ca\; by referring to the Index du répertoire biblio- 
graphique it appears that D denotes the group “general 
theory of functions,” etc., that D6 indicates the subgroup 
“algebraic, circular, and other functions,” D 6 c “ development 
of such functions,” and D6c a “development of such func- 
tions into power-series.” 

Every entry consists of the name of the author, the full 
title of the paper, and the reference to the place where it was 
originally published. This reference is short but complete, 
giving the name of the periodical in the adopted abbreviation, 
the number of the volume in full-face type, the first and last 
page, and the year of publication. ‘The titles of papers written 
in any language except French, English, German, Italian, 
Spanish, Portuguese, and Latin are given in French trans- 
lation only. 

This first set of 100 cards contains memoirs from a wide 
range of periodical literature. Along with a large number of 
papers from Crelle’s Journal and some from the most promi- 
nent French periodicals, we notice numerous articles from 
Portuguese, Norwegian, Russian, Polish, Bohemian, and 
Hungarian journals and transactions of academies. 

It was recently stated by the secretary of the Committee 
that over 16,000 titles had been received at headquarters from 
the contributors. This would mean that the material for 
about 16 sets of 100 cards is ready for the printer. It is 
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therefore to be expected that the publication will proceed 
rapidly and will be completed within a reasonable time. The 
mathematician will then have a card-catalogue arranged by 
subjects and covering the whole literature of mathematics 
since the beginning of the present century. The card-system 
has the great advantage of allowing of easy supplementation 
in the future. 

There can be no doubt as to the great value of such a cata- 
logue to every student and worker in mathematics. Whether 
the classification of mathematics on which the whole system is 
based will prove sufficiently elastic for all purposes is a ques- 
tion that can be answered only by experience. Slight defects 
in the classification will not destroy the usefulness of this 
magnificent bibliography. 

The execution is in general very satisfactory. Somewhat 
greater accuracy and uniformity in details will probably be 
attained as the work progresses and the editors learn from 
experience where slips are likely to occur. In a first venture 
of this kind perfection is of course impossible. 

We notice some want of uniformity in the use of initials 
and titles with the names of authors. Professors Studnicka 
and Puchta seem to be the only two authors honored with the 
title of “Dr.” It would certainly be best to omit all such 
titles. The initials, however, should always be given, even 
when not in the original title. In the cards before us no 
definite rule seems to have been followed in all czses. Thus, 
on card 21, we find “ Binet ” where the original has “J. Binet,” 
*“L. Cauchy” for “A.-L. Cauchy”; on cards 20 and 22 re- 
peatedly “J. Jacobi” for “C. G. J. Jacobi’; on cards 13 and 
14 “C.-J. Hill” for “C. J. D. iil.” It might also be better 
to omit the hyphen between the initials, at least for names 
that are not French. In German names the “von” had 
better be printed in full, as the form “ V.” cannot be distin- 
guished from an initial. Kronecker’s initial on card 14 
should be L. and not N.; Neumann’s on card 67 C. and not 
G. On card 39 for “ Buoncompagni” read “ Boncompagni” ; 
on card 68 for “ Wopke” read ‘‘ Woepcke”; on card 26 for 
“Schlofli” read Schlafli.” 

On the whole the number of misprints does not appear to 
be greater than must be expected in work of this kind. It is 
not apparent why two different forms of type are used to mark 
the wmlaut in Germanie names; the two dots are certain] 
better than the two dashes used in some places. The secon 
a in the Polish name Zajaczkowski should have an inverted 
cedilla. 

*A question of more importance arises in connection with 
papers published more than once. We notice that Abel’s 
memoirs are referred both to his collected works and to the 
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original places of publication. But in the case of Jacobi’s 
papers the reference is to the periodical only and not to the 
works. As the Répertoire is planned to include not only the 
periodical literature but also works published separately (with 
the exception of text-books not containing any original work), 
it would certainly be very desirable to add to any title the 
references to all the age where the paper can be found. 
But it is quite possible that this would involve so great an 
amount of editorial labor that it cannot be attempted at the 
present time. 

What is to be desired above all other things is a speedy 
execution of this capital enterprise which, if successfully car- 
ried out, will probably serve as a model for subject-bibliogra- 
phies of other sciences. ALEXANDER ZIWET. 


NOTES. 


A BEGULAR meeting of the AMERICAN MATHEMATICAL 
Society was held in New York, Saturday afternoon, March 
30, at three o’clock, the president, Dr. Hill, in the chair. 
There were twelve members present. On the recommenda- 
tion of the council the following persons, nominated at the 

receding meeting, were elected to ——w Mr. Alton 
Burnham, University of Illinois, Urbana, Ill.; Professor 
Cooper Davis Schmitt, University of Tennessee, Knoxville, 
Tenn. Three nominations for membership were received. 
The following paper was presented: 

“On the motion of a body under the action of two centres 
of force,” by Mr. RatpH A. RoBERTs. 

In the absence of the author the paper was read by the 
secretary. The recent publications received by the Society, 
and a collection of celluloid models of the regular, semi-regu- 
lar, and stellated regular polyhedra, constructed for the math- 
ematical department of Columbia College by Mr. V. A. Hlasko, 
of New York, were exhibited at the close of the meeting. 


WE regret to announce the death on March 27 last, in his 
sixty-sixth year, of Professor James Edward Oliver, head of 
the department of mathematics at Cornell University. 


Proressor C. L. iE, of Lehigh University, has been 
appointed professor of mathematics and astronomy at the 

niversity of Pennsylvania, the appointment to take effect at 
the beginning of the next academic year. 


Proressor F. N. Cou, of the University of Michigan, has 
been appointed to a newly created professorship of mathe- 
matics at Columbia College. He will enter upon the duties 
of his new position in October next. 
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Ata meeting of the Philosophical Faculty of the Univer- 
sity of Gottingen, on March 11, the Beneke Prize for 1895 
was awarded to Dr. W. Wintincer, recently appointed extra- 
ordinary professor at Innsbruck. ‘The prize was offered three 
years ago for an important advancement of the general theory 
of the theta-functions of more than three variables. 


PROFESSOR WEIERSTRASS was clected corresponding member 
of the Academy of Sciences at Paris to succeed the late Pro- 
fessor Kummer. He was also honored at Frankfort recently 
with the Peter Wilhelm Miiller gold medal and a money prize 
of 2000 marks. 


NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


Ascuier! (F.). Geometria projettiva dello spazio. Vol. II. Seconda 
edizione corretta ed ampliata del Manuale di geometria projettiva. 
Milano, Hoepli, 1895. 16mo. vi and 264 pp. 


BanuBera (L.). Teorica delle equazioni differenziali duple, preceduta 
da un discorso preliminare sul giudizio fattone dai calcolatori 
lincei, sopra recepsione de) H. A. Schwarz. Bologna, 
Cenerelli, 1895. 8.0. 180 yep. Fr. 4.00 


Buraut-Fortr (C.). Sul limite delle classi variabili [Atti della R. 
Accademia delle Scienze di Torino, Vol. 30.] Torino, Clausen, 
1895. 8vo. 19 pp. 


Dumont (F.). Essai d'une théorie lémentaire des surfaces du troisiéme 
ordre. II. Annecy, Dépollier, 1894. 8vo. 96 pp. 

GraF (J. H.). Einleitung iu die Theorie der Gammafunction und der 
Eulerschen Integrale. Mk. 1.60. 


GrassMANnn (R.). Die Folgelehre oder Funktionlehre streng wis- 
senschaftlich in strenger Formel-Entwickelung. Nebst Formel- 
Mk. 


buch. 3.50 
Haas (A.). Lehrbuch der Differentialrechnung. 3ter Theil: Auwend- 
ung der Differentialrechnung auf die ecbenen Kurven. Mk. 7.00 


Henry (C.). Abrégé de la theorie des fonctions elliptiques. Paris, 
1895. 8vo. Fr. 3.00 
JAHRBUCH UBER DIE ForTsCcORITTE DER MATHEMATIK. Begriindet 
von C. Ohrtmann, herausgegeben unter Mitwirkung von F. Maller 
und A. Wangerin von E. Lampe. Vol. 24: Jahrgang 1892. (8 
Hefte.) Berlin, Reimer, 1894. 8vo. Mk. 34.00 


II. ELEMENTARY MATHEMATICS. 


Bartow (C. W. L.) and Bryan (G. H.). Geometry of the similar 
figures and the plane. (University Tutorial Series.) London, 
Clive, 1895. 12mo. 122 pp. 2s. 6d. 
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BrRemikER (C.). Logarithmisch-trigonometrische Tafelu mit 5 Deci- 
malstellen. 7te Auflage, besorgt von A. Kallius. Berlin, 1894. 
8vo. 184 pp. Cloth. Mk. 1.50 


(J.). Algébre. 1le édition. Paris, Delagrave. 8vo. 290 
pp. 


Hatt (H. S.) and Stevens (F. H.). A text-book of Euclid’s elements. 
Books I-III. London, Macmillan, 1894. 12mo. 250 pp. 2s. 6d. 


HaTHORNTHWAITE (J. T.). Manual of elementary algebra for the 
entrance examinations of the Indian universities. ondon, 1894. 
8vo. Cloth. 2s. 6d. 


HEILERMANN (H.). Sammlung geometrischer Aufgaben. ister Theil: 
Aufgaben die ohne Anwendung der Lebre von der Proportionalitat 
der Linien gelést werden kénnen. 6te Auflage. Essen, Baedeker. 
8vo. 12 and 51 pp. Mk. 0.80 


LENGAUER (J.). Die Grundlehren der ebenen Trigonometrie. Ein 
Leitfaden fir den Unterricht mit Uebungsaufgaben. Kempten, 
Kosel, 1895. 8vo. 4and 51 pp. Illustrated. Mk. 0.80 


Maurin (G.). Questions d’algébre. Avec une préface de C. A. Lai- 
sant. Paris, 1895. 8vo. Fr. 5.00 


Pé.issiER (J. M.). Lecons nouvelles de géométrie élémentaire, d’aprés 
les programmes de 1891, pour les classes de lettres et pour la pre- 
miére partie du baccalauréat de l’enseignement secondaire classi- 
gue. Paris, Croville-Morant, 1894. 16mo. %63 pp. 


Poor (P.). Complement der Meetkunde. Met hoofdstukken over de 
bieuwere Meetkunde van den Driehoek. Amsterdam, 1894. S8vo. 
8and 171 pp. Illustrated. Mk, 5.50 


Verzameling van planimetrische Vraagstukken met de Methoden 
ter Opplossing. Deel II: Methoden. Amsterdam, 1894. 8vo. 2 
and 89 pp. Mk. 1.80 


Scuron (L.) Logarithmen, Tafel III. Interpolafionstafel zur Berech- 
nung der Proportionaltheile, zunichst fiir seine 7stellige Logarith- 
men, dann auch zum allgemeinen Gebrauch. 22ste Auflage. 
Braunschweig, Vieweg, 1895. 8vo. viii, 4, 8 and 76 pp. Mk. 1.80 


SICKENBERGER (A.). Leitfaden der elementaren Mathematik. ister 
Teil: Algebra. 3te Auflage. 7 and 75 pp.—3ter Teil: Stereo- 
metrie. Trigonometrie. 2te Auflage. 4 and 103 pp. Munchen, 
Ackermann, 1894. 8vo. Mk. 1.20 


Suarez (M.O.). Lecciones de geometria elemental para uso de los 
colegios de instruccion media. Paris, Garnier, 1895. 8vo. 254 pp. 


ToDHUNTER (I.) and Hoae (R. W.). Key to plane trigonometry. 
London, Macmillan, 1895. 8vo. 476 pp. 10s. 6d. 


Vacquant (C.) et Macé ve Lérrnay(A.). Eléments de trigonométrie 
a lusage des éléves de l’enseignement sccondaire moderne (pro- 
gramme du 15 juin 1891). Classes de seconde moderne et de pre- 
miére sciences. Paris, Masson, 1895. 16mo. 218 pp. 


WALLENHAUER (G.). Schulgeometrie fir die Hand der Schiller. Ru- 
dolstadt, Mitzlaff, 1895. 8vo. 16 and 34 pp. Mk, 0.75 


Wuser (H.). Lehrbuch der Algebra. (In 2 volumes.) Vol. 1. Braun- 
schweig, Vieweg, 1895. 8vo. 16 and 653 pp. Mk. 16.00 
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WINTER (W.). Stereometrie. Lehrbuch und Aufgabensammlung ftr 
Schulen. 2te Auflage. Minchen, Ackermann, 1895. 8vo. 4 
and 115 pp. Mk. 1.60 


Trigonometrie. Lehrbuch und Aufgabensammlung fir Schulen. 
2te Auflage. Minchen, Ackermann, 1895. 8vo. 4and 79 oP. 


Ill. APPLIED MATHEMATICS. 


BEDELL (F.) et CREHORE(A.C.) Etude analytique et graphique des 
courants alternatifs. Traduit de la 2e édition anglaise par J. 
Berthou. Paris, 1895. 8vo. 8 and 264 pp. Illustrated. Fr. 10.25 


BuatxtE (J.) Elements of dynamics (Mechanics); with numerous ex- 
amples and examination questions. New and enlarged edition. 
Edinburgh, 1894. 8vo. 231 pp. Illustrated. Cloth. 3s. 6d. 


BovassE (H.). Introduction a l’étude des théories de la mécanique. 
Paris, Carré, 1895. 8vo. 8 and 304 pp. Fr. 6.00 


FORTSCHRITTE DER Puysik im Jahre 1893. Dargestellt von der physi- 
kalischen Gesellschaft zu Berlin. 49ster Jahrgang. iste Abth.: 
Physik der Materie. Braunschweig, Vieweg, 1895. S8vo. 70 and 
562 pp. Mk 20.00 


GLAZEBROOK (R. T.). Mechanics. An elementary text-book, theoret- 
ical and practical, for colleges and schools. Dynamics. (Cam- 
bridge National Science Manuals.) London and New York, ‘$18 


millan, 1895. 12mo. 256 pp. Cloth. 


Harp (M.). Ueber Gestalt und Bewegung der Erde. Karlsruhe, 1894. 
8vo. 16 pp. Mk. 1.20 


Koentes (G.). Legons de cinématique professées 4 1a Faculté des sci- 
ences de Paris. Paris, Hermann, 1895. 8vo. 9 and 241 


Porncaré (H.). Mathematische Theorie des Lichtes. Vorlesungen, 
redigirt von J. Blondin. Deutsch von E. Gumlich und W. 
Jaeger. Berlin, Springer, 1894. 8vo. 10 and 295 pp. Mk. 10.00 


Rankine (W. J. M.). Manual of applied mechanics. 14th edition, 
pra Aang revised by W. J. Millar. London, Griffin, 1894. Bro. 
686 pp 


STREHL (K.). Die Theorie des Fernrohrs auf Grund der Beugung des 
Lichtes. ister Teil. Leipzig, Barth, 1894. 8vo. 8 and Lg +m 


Woopwarp (R. §.). Smithsonian geographical tables. Washington, 
Smithsonian Institution, 1894. 8vo. 105 and 182 pp. [Smith- 
sonian miscellaneous collections, No. 854.] 


